
CS444

Nathan Sprague

September 14, 2012



Logic!



Wumpus World

PIT

1 2 3 4

1

2

3

4

START

Stench

Stench

Breeze 

Gold

PIT

PIT

Breeze  

Breeze 

Breeze  

Breeze 

Breeze 

Stench



Wumpus World

A

B

G

P

S

W

 = Agent

 = Breeze

 = Glitter, Gold

 = Pit

 = Stench

 = Wumpus

OK  = Safe square

V  = Visited

A

OK

 1,1  2,1  3,1  4,1

 1,2  2,2  3,2  4,2

 1,3  2,3  3,3  4,3

 1,4  2,4  3,4  4,4

OKOK

B

P?

P?A

OK OK

OK

 1,1  2,1  3,1  4,1

 1,2  2,2  3,2  4,2

 1,3  2,3  3,3  4,3

 1,4  2,4  3,4  4,4

V

(a) (b)

BB P!

A

OK OK

OK

 1,1  2,1  3,1  4,1

 1,2  2,2  3,2  4,2

 1,3  2,3  3,3  4,3

 1,4  2,4  3,4  4,4

V

OK

W!

V

P!

A

OK OK

OK

 1,1  2,1  3,1  4,1

 1,2  2,2  3,2  4,2

 1,3  2,3  3,3  4,3

 1,4  2,4  3,4  4,4

V

S

OK

W!

V

V V

B

S G

P?

P?

(b)(a)

S

A

B

G

P

S

W

 = Agent

 = Breeze

 = Glitter, Gold

 = Pit

 = Stench

 = Wumpus

OK  = Safe square

V  = Visited



Propositional Logic

Symbols represent propositions that can be true or false.

(Atomic sentences)

Complex sentences created from combining atomic
sentences with logical connectives:



Semantics of Propositional Logic



Models and Entailment

A model assigns a value to all variables.

A possible world.

Entailment α |= β

β follows logically from α.
In every model in which α is true β is true.
α |= β if and only if M(α) ⊆ M(β).
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Nice Idea, How Do We Implement It?
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Inference!

Entailment: α |= β

Inference: α `i β
We want inference algorithms that are:

Sound
Complete
What about TT-ENTAILS?



Inference

Good news:

TT-ENTAILS is sound and complete.

Bad news?

Worse news: Propositional entailment is co-NP-complete.



Theorem Proving

Terminology:

equivalence α ≡ β if and only if α |= β and β |= α



Equivalences



Theorem Proving

Terminology:

equivalence: α ≡ β if and only if α |= β and β |= α
validity/tautology
satisfiability

Proof by contradiction:

α |= β if and only if (α ∧ ¬β) is unsatisfiable.



Inference and Proofs

Inference Rules: Modus Ponens:

α⇒ β, α

β

And-Elimination:
α ∧ β
β

Any equivalence...



Inference and Proofs

Now we have a second way of automating proofs: Search.

Knowledge base is the state.
Inference rules are the actions.
The goal is the sentence we are trying to prove.



Resolution

How many inference rules do we need?



Resolution

One.

Caveat: can only use it on sentences in conjunctive
normal form (CNF)

(“or clauses “anded together.)
Example: (A ∨ B) ∧ ¬C

(A ∨ B) is a clause.
¬C is a negative literal. (Also a unit clause.)

Good news: any sentence in propositional logic can be
efficiently converted to CNF.



Conjunctive Normal Form

Eliminate ⇔: replace α⇔ β with (α⇒ β) ∧ (β ⇒ α)

Eliminate ⇒: replace α⇒ β with ¬α ∨ β

Move ¬ inward using De Morgan’s law.

Distribute ∨ over ∧ wherever possible.



Converting to CNF

(¬A ∧ B)⇔ C

((¬A ∧ B)⇒ C ) ∧ (C ⇒ (¬A ∧ B))

(¬(¬A ∧ B) ∨ C ) ∧ (¬C ∨ (¬A ∧ B))

((A ∨ ¬B) ∨ C ) ∧ (¬C ∨ (¬A ∧ B))

(A ∨ ¬B ∨ C ) ∧ (¬C ∨ ¬A) ∧ (¬C ∨ B)
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Resolution Inference Rule

l1 ∨ ... ∨ lk , m1 ∨ ... ∨mn

l1 ∨ ... ∨ li−1 ∨ li+1 ∨ ... ∨ lk ∨m1 ∨ ... ∨mj−1 ∨mj+1 ∨ ... ∨mn

Where li and mj are complementary literals. Duplicate literals are
removed.

Example: (A ∨ B ∨ ¬C ), (C ∨ ¬D ∨ A)

Resolves to: A ∨ B ∨ ¬D



Resolution Theorem Proving

In order to prove KB |= α,

Convert KB ∧ ¬α to CNF.
Apply resolution rule until:

No new clauses can be added (KB 6|= α)
You derive the empty clause (KB |= α)



Exercise

Complete the following proof using resolution:
KB:
A⇒ B
¬(¬A ∧ C )
(C ∧ A)

Query:
B



Psuedocode



Efficiency?



Definite Clauses and Horn Clauses

Definite Clause: Exactly one positive literal:

(A ∨ ¬B), (A ∨ ¬B¬C )

Horn clause: at most one positive literal:

(A ∨ ¬B), A, (¬B¬C )
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Forward Chaining


